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Microscopic Modeling of Pump–Probe Spectroscopy and
Population Inversion in Transition Metal Dichalcogenides
Raül Perea-Causín,* Samuel Brem, and Ermin Malic
1. Introduction
Transition metal dichalcogenides (TMDs) have received
much attention in the past years.[1–3] Formed by a layer of
transition metal atoms (Mo, W) sandwiched between two layers
of chalcogen atoms (S, Se), these materials are effectively 2D.
A direct consequence is a strongly reduced screening, giving
rise to an efficient Coulomb interaction and strongly bound
excitons.[4–8] The importance of excitonic effects in TMDs is
best seen in their optical spectra, which are dominated by the
1s exciton state and significantly enhanced with respect to free-
particle spectra.[5,9] However, due to its excitonic nature, the
optical response can significantly vary with increasing carrier den-
sity due tomany-particle dielectric screening and Pauli blocking.[10]
Therefore, carrier dynamics is accessible by measuring changes
in optical spectra in pump–probe experiments.[11,12]
Previous pump–probe measurements have among others
illustrated bandgap renormalization,[13,14] optical gain,[15] carrier
thermalization,[16,17] and hot-phonon effects.[18] Recent theoreti-
cal studies have focused on stationary modeling of band
renormalization,[10,19,20] absorption bleaching,[10] and optical
gain.[21] To better connect theory and experiment, it is necessary
to model the dynamics of charge carriers and resolve ultra-fast
features in time, as most experiments
use ultra-short femtosecond laser pulses,
giving rise to nontrivial dynamics at strong
excitations. In previous works we have per-
formed microscopic calculations of pump–
probe experiments in graphene,[22–25]
where excitons do not play a significant
role. More recently, we have also modeled
exciton relaxation dynamics in TMDs[26,27]
limited to weak excitations. Here, we apply
the semiconductor Bloch equation (SBE)
approach to investigate the dynamics of
pump–probe experiments in TMDs at high
excitation power. In particular, we tempo-
rally resolve the emergence of many-particle phenomena, such
as population inversion, optical gain, bandgap renormalization
and absorption bleaching.
2. Theory
We combine the SBEs with the generalized Wannier
equation.[28,29] While the first describes the dynamics of charge
carriers and themicroscopic polarization, the second gives access
to excitonic wavefunctions and excitonic binding energies.
This information is exploited in the generalized Elliot formula
to calculate the optical absorption as a function of carrier density.
To resolve the carrier dynamics, we use the density matrix
approach.[28,30,31] In this approach, the carrier occupation
f λk ¼ haλ†k aλk i and the microscopic polarization pk ¼ hahkaeki can
be defined in terms of creation and annihilation operators aλ†k
and aλk for electrons and holes (λ ¼ h, e) with the momentum k.
We consider a many-particle Hamilton operator accounting for
carrier–light, carrier–carrier, and carrier–phonon interactions.[30]
The equations of motion for f λk and pk can then be obtained by
making use of the Heisenberg equation. For the carrier–carrier
interaction we stay at the Hartree–Fock level in the correlation
expansion including formation of excitons.[32] Note that the
inclusion of higher-order terms would lead to a linewidth broad-
ening via excitation-induced dephasing[10,29] and may result in
the appearance of trion and biexciton resonances in the optical
spectra.[33,34] On the other hand, for the carrier–phonon interac-
tion we go to the second-order Born–Markov approximation
neglecting excitonic terms.
The resulting equations of motion are the well-known
SBEs[28–31,35]
ṗk ¼ iðω̃k  iγkÞpk þ ið1 f ek  f hkÞΩ̃k (1)
ḟ λk ¼ 2ℑfΩ̃*k pkg þ Γλ,ink ð1 f λkÞ  Γλ,outk f λk  γd f λk (2)
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Optical properties of transition metal dichalcogenide (TMD) monolayers are
dominated by excitonic effects. These are significantly altered at high carrier
densities, leading to energy renormalization, absorption bleaching, and even
optical gain. Such effects are experimentally accessible in ultra-fast pump–probe
measurements. Herein, the semiconductor Bloch equations are combined with
the generalized Wannier equation to investigate the effect that excited carriers
have on the excitonic properties of TMD monolayers. In particular, the dynamics
of carrier occupation, energy renormalization, and absorption bleaching as well
as population inversion and optical gain are investigated.
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Here, we have defined the Coulomb-renormalized
energy as ℏω̃k ¼ ℏωk  ΣCH  ΣSXk with the zero-density band
structure ℏωk ¼ εhk þ εek, the Coulomb-hole self energy
ΣCH ¼ PqðVq WqÞ, and the screened-exchange energy
ΣSXk ¼
P
k0 Wk0kð f ek0 þ f hk0 Þ. We denote the unscreened
Coulomb matrix element with Vq, whereas Wq includes the
dynamic screening computed according to the Lindhard
formula.[30,36] We model the Coulomb interaction statically
screened by the dielectric suroundings with the Rytova–Keldysh
potential.[8,36–38] We have also defined the renormalized
Rabi frequency as ℏΩ̃k ¼ i e0m0 Mk ⋅ AðtÞ þ
P





is the optical matrix[32] element for interband
transitions and AðtÞ is the time-dependent vector potential of
the incident light pulse. The matrix element in the vicinity






σ ¼ 1 for left (right) circular polarization of the incident
light.[8,39] The vector potential A is modeled with a Gaussian
temporal profile centered at t¼ 0 and oscillating with the
frequency ω. Its amplitude is set by the fluence of the pulse,
which corresponds to the energy flux IðtÞ ¼ 12 ϵ0ncω2jAðtÞj2
integrated over time. Moreover, carrier–phonon scattering
enters into the dephasing rate γk and the scattering rates Γ
λ,inðoutÞ
k ,
which are computed at each time step and result from the
second-order Born–Markov approximation.[23] Finally, we have
included a phenomenological decay time τd ¼ γ1d ¼ 6 ps[15]
to account for nonradiative decay channels after optical excita-
tion. Note that we disregarded the dynamics of phonons, which
are expected to become important at high excitations, but their
effects are expected to become significant on a timescale of tens
of picoseconds,[18,40,41] which is much longer than the optical
excitation in the order of hundreds of femtoseconds.
While the dynamics of the system is fully described by the
SBEs, the linear response of the excited sytem to the probe pulse
is accessible through generalized exciton wavefunctions and the
corresponding Elliot formula.[28,29] In the case of finite carrier
densities, the Wannier equation, determining the exciton
binding energies and wavefunctions, exhibits left-hand and
right-hand solutions ϕνR=Lk . The generalized Wannier equation




k  ð1 f ek  f hkÞ
X
k0
Wk0kϕνRk0 ¼ ενϕνRk (3)
where εν is the exciton resonance energy. By expressing
Equation (1) on the basis of exciton wavefunctions and making
use of the Wannier Equation (3) we can calculate density-





















where σ refers to the polarization of the incident light.
In the high-excitation regime, many carriers are created,
which translates into a high occupation of the electronic states
in the minima of the bands. This high occupation has two main
effects on the excitonic properties. 1) The phase-space filling
factor (1 f ek  f hk) approaches zero, thus bleaching the absorp-
tion and reducing the electron–hole interaction due to Pauli
blocking. 2) Dielectric screening significantly reduces the
strength of the Coulomb interaction. While the bleaching of
the absorption is manifested in the numerator of the Elliot
formula 4, the reduction of the electron–hole interaction enters
into the second term of the Wannier Equation (3). Furthermore,
a very strong optical excitation can even lead to a sign inversion of
the phase-space filling factor, resulting in negative absorption or
optical gain (Equation (4)) and an effective repulsive electron–
hole interaction (Equation (3)).
For our calculations, we use ab initio input parameters for the
electronic band structure[42] (effective masses and bandgap),
dielectric properties,[43] and carrier-phonon scattering[44] (optical
phonon energies, acoustic phonon velocity, and the correspond-
ing deformation potentials). While our theory applies principally
to all excitonic materials, we focus on the exemplary case of
monolayer WS2 on a SiO2 substrate at room temperature.
Note that a stronger dielectric screening (e.g., in the case of
hBN encapsulation) will reduce the Coulomb interaction, result-
ing in a lower exciton binding energy, energy renormalization,
and optical absorption. For the optical excitation, we consider
a 200 fs pulse centered at the A exciton resonance (2 eV) with
a fluence of 10 μJ cm2. Note that we do not consider any dark
exciton states.[45–47]
3. Carrier Dynamics
We solve the SBEs numerically for the system described earlier
and obtain the energy- and time-resolved carrier occupations. In
the considered strong excitation regime and a pump energy of
2 eV, we obtain a peak carrier density of 3 12 cm2. We show
the electron occupation in Figure 1, noting that the respective
figure for holes is similar. We observe an ultra-fast creation of
electrons at the timescale of the pulse duration (200 fs) with
the occupation approaching 1 at small kinetic energies. This high
occupation corresponds to a population inversion, i.e., a higher
electron occupation in the conduction band than in the valence
band. As will be shown later, this leads to a negative absorption or
optical gain. It is noteworthy to mention that population inver-
sion becomes less pronounced for longer pulses, as the slowly
evolving distribution saturates to half filling, where the phase-
space filling factor is zero. As we consider an excitation resonant
to the 1s exciton, the momentum dependence of the carrier
generation should have the shape of the excitonic ground-state
wavefunction. However, the high carrier density results in a
nontrivial temporal evolution of the carrier occupation. In fact,
during the excitation we observe a pronounced spectral broaden-
ing of the carrier distribution (Figure 1b), which results from
1) Pauli blocking leading to a saturation of absorption at small
momenta, whereas absorption still occurs at higher momenta
and 2) carrier generation shifts to higher momenta as the
bandgap shifts below the excitation energy (cf. Figure 2b). The
distribution also exhibits a small peak at renormalized energy
in resonance with optical excitation (e.g. 64meV at t¼ 0.2 ps)
and replicas of this peak due to scattering with optical phonons
(cf. the peaks at 22 and 106meV at t¼ 0.2 ps). After optical exci-
tation, the electrons relax into a thermal distribution through
scattering with phonons and the overall population decays on
a timescale of a few picoseconds—corresponding to the phenom-
enological decay time.
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4. Excitonic Properties
After solving the SBEs, we plug the time- and energy-resolved
carrier occupations in the Wannier equation to obtain the
time-resolved exciton wavefunctions and exciton binding
energies (cf. Figure 2). When the pulse starts exciting carriers
(t¼ 0.3 ps, Figure 2a), the bleaching/reduction of the wavefunc-
tions due to Pauli blocking is already noticeable. At the center of
the excitation pulse (t¼ 0 ps) the excitonic wavefunction resem-
bles one of scattering states[48] (sharp oscillating profile) includ-
ing negative regions. While the sign inversion is caused by
population inversion, the sharp momentum profile is induced
by a combination of many-particle dielectric screening and
Pauli blocking and is characteristic of continuum (scattering)
states. Note that an unbound electron–hole pair has a planewave
as the wavefunction, corresponding to a sharp peak in momen-
tum space. After 10 ps the carrier population mostly decays,
resulting in the recovery of the zero-density excitonic properties.
In addition to the wavefunctions, a high carrier occupation
affects the exciton binding energies as well as the single-particle
bandgap. Figure 2b shows the temporal evolution of exciton
energies and the single-particle bandgap. Before the pulse both
quantities remain constant. Under strong pulse exciation, the
bandgap undergoes a drastic red-shift of 400meV—in agree-
ment with previous experimental[15] and theoretical[20] studies.
The exciton binding energies become smaller, approaching
the value of the bandgap, where there are no bound states any-
more. After the optical excitation, the bandgap and the exciton
energies slowly recover their original values. Note that at suffi-
ciently high carrier densities there are no excitonic bound states
and the system is no longer dominated by bound electron–hole
pairs but by an electron–hole plasma.[49] This Mott transition is
reflected in the wavefunction of the 1s state resembling a scat-
tering wavefunction at the center of the pulse (Figure 2a at
t¼ 0 ps). We expect the Mott transition to occur at slightly higher
densities when accounting for other electronic valleys and heat-
ing mechanisms.
5. Absorption Spectra
Optical absorption can be modeled by evaluating the Elliot for-
mula (Equation (4)), where exciton wavefunctions and exciton
resonance appear. Hence, the time-resolved wavefunctions
and energies shown in Figure 2 can be used to calculate the
temporal evolution of the optical absorption (cf. Figure 3a,b).
We observe that excitonic features in the optical absorption
are quickly bleached under the strong optical excitation. The
1s exciton peak at 2 eV undergoes first a red-shift and afterward








































Figure 2. Time-resolved excitonic properties. a) Bleaching of the exciton wavefunction expressed by ð1 f ek  f hkÞϕνLk shown at different times.
b) Renormalization of the single-particle bandgap and excitonic binding energies as a function of time.











































Figure 1. Time- and energy-resolved electron occupation. a) Color map of the electron occupation as a function of time and energy. b) Time cuts of the
electron occupation as a function of energy.
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While the first shift is directly related to the red-shift of the exci-
ton resonance energy (cf. Figure 2b), the second shift is only a
result of bleaching of the optical transition at the lowest energetic
states caused by the high carrier population. The higher energy
wing appears then as a blue-shift (cf. the 0.2 ps curve in
Figure 3b). At the same time, the absorption intensity is consid-
erably reduced due to phase-space filling, i.e., blocking of optical
transitions, and bleached Coulomb interaction, resulting in a
reduced excitonic enhancement (note that the 0.2 ps curve has
been multiplied by a factor of 3). After optical excitation, the
intrinsic optical properties of the material are restored as the
carrier population decays and the exciton properties recover their
initial values. For sufficiently large optical excitation even a car-
rier population inversion can be obtained. This results in a nega-
tive phase-space filling factor, which translates into negative
absorption and hence optical gain (cf. the red-colored region
in Figure 3a). This phenomenon has been already experimentally
observed in the material studied here[15] and can become more
prominent and spectrally broader at higher excitation densities.[50]
We find that optical gain becomes less pronounced for longer
pulse durations due to a lower population inversion and it is
almost nonexistent for a 1.5 ps pulse (not shown here).
6. Differential Absorption
To experimentally investigate temporal changes in absorption
spectra, differential absorption/transmission spectroscopy is
often applied. Here, we track the variation of an optical spectrum
at a given time with respect to the spectrum before optical exci-
tation (cf. Figure 3c,d). Spectral shifts of resonances in absorp-
tion spectra can be traced by the appearance of zero crossings in
differential absorption spectra, whereas efficient absorption
bleaching can be identified by strong negative signals. We
observe two zero crossings around 2.0 and 2.2.eV corresponding
to the shifts of 1s and 2s exciton resonances (cf. Figure 3d and
white areas in Figure 3c). Strongly pronounced negative differ-
ential absorption (red regions) is found around the 1s exciton
energy reflecting an efficient absorption bleaching in this spec-
tral range. The huge bandgap renormalization predicted in
Figure 2b is manifested in the increased absorption between the
1 and 2s exciton energies (blue region in Figure 3c). Population
inversion (optical gain) is reflected in a decreased absorption at
energies below the 1s resonance energy, which corresponds to
the bottom of the renormalized band (cf. Figure 2b). These
results are consistent with experimental observations in similar
materials.[13,15,19]
While we focus here onmoderately strong excitation densities,
much weaker excitations lead to changes in the absorption that
are not visible with the naked eye (small energy shifts and bleach-
ing) but that can be resolved with differential absorption.
Furthermore, the effect of the excitation energy on the temporal
evolution of optical spectra is nontrivial. To investigate this, we
calculate the differential absorption at 1s resonance energy (2 eV)
for different pump energies (Figure 4a) and different pump
fluences (Figure 4b). We observe that the minimum of the
differential absorption is delayed for pump energies above the
































































































Figure 3. Time-resolved optical spectra. a,b) Color map and time cuts illustrating the optical absorption. The absorption at t¼ 0.2 ps is rescaled to
highlight the optical gain. c,d) Color map and time cuts showing differential absorption.
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energies. The reason behind this behaviour is that the bleaching
of the 1s peak in the optical absorption is less efficient when the
carriers are not at the bottom of the bands. Hence, the bleaching
is maximized only after the carriers have scattered to the lowest
energetic states and the observed delay is thus a direct signature
of carrier thermalization. Furthermore, we observe that the dif-
ferential absorption decays and recovers faster for a fluence of
0.1 μJ cm2 compared with the case for 0.01 μJ cm2 (we observe
the same trend at lower excitation densities). We identify this fea-
ture to be a result of the complex time dependence of absorption
(Equation (4)). Note that this trend can be reproduced by assum-
ing a Lorentzian profile (representing the 1s absorption peak)
with an exponentially decaying small deviation from the reso-
nance energy and the peak intensity. For an even higher fluence
of 1 μJ cm2, the minimum extends over a longer time due to the
saturation of absorption caused by Pauli blocking and then recov-
ers at a similar rate as for lower fluences. Finally, for the case at
10 μJ cm2, we observe a fast initial recovery as a result of the
enhanced carrier recombination which results from population
inversion giving rise to stimulated emission. At later times, the
recovery of differential absorption develops a plateau as a
consequence of the complex interplay between the energy
renormalization, absorption bleaching, and their nontrivial time
evolution at elevated carrier densities. Note that this plateau
spans during the time when the system is beyond the Mott tran-
sition (cf. Figure 2b where no clear bound states appear until
t¼ 4–5 ps). The final recovery is similar to the one exhibited
at lower fluences, when the system is far below the Mott transi-
tion. Note that a similar fast initial decay has been experimentally
observed, although it was atributed to carrier thermalization and
heating due to hot phonons.[17]
7. Conclusions
We have microscopically modeled pump–probe experiments at a
high excitation power in TMDs disentangling the time evolution
of carrier occupation, exciton wavefunction, exciton binding
energies, electronic bandgap, and absorption spectra. Based
on SBE, we have resolved the nontrivial carrier dynamics in
the strong excitation regime, marked by a broadening of the car-
rier distribution caused by absorption saturation and bandgap
renormalization. Moreover, by solving the Wannier equation
we have provided access to the temporal evolution of excitonic
properties, observing the Mott transition and a large energy
renormalization. Finally, we have mapped the carrier and exciton
dynamics into optical absorption spectra, monitoring the peak
bleaching and energy shifts and even demonstrating the appear-
ance of optical gain.
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